The dispersion of a passive scalar in a fluid through the combined action of advection and 9 molecular diffusion is often described as a diffusive process, with an effective diffusivity 10 that is enhanced compared to the molecular value. However, this description fails to 11 capture the tails of the scalar concentration distribution in initial-value problems. To 12 remedy this, we develop a large-deviation theory of scalar dispersion that provides an 13 approximation to the scalar concentration valid at much larger distances away from the 14 centre of mass, specifically distances that are O(t) rather than O(t 1/2 ), where t 1 is 15 the time from the scalar release.
approximation are apparent in the top panel for the earliest profile C(x, t = 2). They
91
are obvious for all the profiles in the bottom panel which displays the results using loga-
92
rithmic scale for C(x, t). This emphasises the tails of C(x, t) to reveal how the diffusive which gives a one-to-one map between the parameter q and the physical variable ξ = x/t.
211
The eigenfunction φ of (2.8) associated with f (q) can therefore be equivalently thought
212
of as a function of ξ, as in (2.4), or of q, as in (2.8). Note that the maximum principle can 213 be used to show that f (q) is real and that φ is sign definite (e.g. Berestycki et al. 1994 ).
214
This is consistent with the asymptotics (2.4) and the observation that the concentration
215
C(x, t|x 0 ) is positive for all time if it is initially positive. 
where the function f (q) remains to be determined but will shortly be identified with that 232 in (2.7).
233
Introducing (2.14) into (2.13) leads to 
240
This function is convex by definition.
241
The relationship between the large-t asymptotics of C(x, t|x 0 ) encoded in g(ξ) and 242 that of w(x, t) can be made obvious. Noting from the definition (2.12) that w(x, t) is the
243
Legendre transform with respect to x of C(x , t|x) with −q the variable dual to x , we 244 apply Laplace's method to obtain
where denotes the asymptotic equivalence of the logarithms as t → ∞ and we use (2.4)
246
to write C(x , t|x) exp(−tg((x − x)/t)).
247
From (2.14) we obtain the first part of (2.10). Under the assumption of differentia-248 bility of f (q), which ensures that g(ξ) is convex, the second part follows, allowing the Much of the literature on scalar dispersion focuses on the computation of an effective dif-280 fusivity governing the dispersion for t 1 and |x − x 0 | = O(t 1/2 ). In this approximation,
281
(2.1) reduces to the diffusion equation
where u is the spatial average of u(x), and k is an effective diffusivity tensor. Alterna-
283
tively, u and k can be obtained from the particle statistics using
The form of k has been derived for a variety of flows using several essentially equiva- has become the systematic method of choice.
288
The diffusive approximation (2.18) can be recovered from the more general large devi-
289
ation results: since the assumption |x − x 0 − Pe u t| = O(t 1/2 ) implies that ξ 1 and
290
hence that q 1, we can expand f (q) according to
where H f is the Hessian of f evaluated at q = 0. Taking the Legendre transform gives
In this approximation the concentration is
293
C(x, t|x 0 ) e
corresponding to the solution of (2.18) with
This result also follows from (2.19) noting that the mean and covariances that appear on the left-hand sides are given by the first and second derivatives with respect to q of the 296 cumulant generating function log E e q·X ∼ f (q)t evaluated q = 0.
297
Since the diffusive approximation is recovered from the large-deviation results by an 298 expansion for small q, it can be expected that the method of homogenisation is equivalent
299
to the perturbative solution of the eigenvalue problem (2.8) or (2.15). This is plainly the 300 case. Consider the periodic-flow configuration and assume that u = 0 for simplicity.
301
Expanding 
Averaging gives
where the second equalities follows after some manipulations using (2.25) (see Majda
309
& Kramer 1999, p. 251 for details). This corresponds to an effective diffusivity with higher-order spatial derivatives and increase the accuracy of the approximation for t 1.
319
They lead to effective equations of the form and variance deficit; the other eigenvalues f n (q), n ≥ 1 contribute to exponentially small 341 corrections.
342
In the rest of the paper, we apply the results of this section to several specific shear and 343 periodic flows. We start with the case of shear flows for which the eigenvalue problems
344
(2.8) and (2.15) simplify considerably. Because it is the longitudinal dispersion that is of interest, we modify (2.4) and take the 351 large-deviation form of the concentration to be
2) assuming x 0 = 0. Similarly, we write the moment generating function as
Note that g and f depend only on the longitudinal variables ξ and q and that φ can write (2.2) explicitly as
and note that Y (t) = y + √ 2W 2 . The generating function (3.3) then becomes
Using the Feynman-Kac formula (e.g. Øksendal 1998), w is seen to satisfy
and hence, for t 1, to depend on t as w exp(f (q)t) with f (q) the principal eigenvalue an effective diffusivity as sketched in §2.3. In terms of f (q), the dimensional effective 388 diffusivity is expressed from (3.8) as
and is inversely proportional to the molecular diffusivity in the limit Pe → ∞. The and recovers the explicit form of k * as obtained using homogenisation (e.g. Majda & Third, the asymptotics of (3.7) indicates that f (q) tends to u ± q as q → ±∞, where u ± 396 denote the maximum and minimum velocities in the channel. This can be seen by noting 397 that f (q) is the lowest eigenvalue of a Schrödinger operator which, in the semiclassical 398 limit |q| → ∞, is given by the minimum of the potential qu(y) (e.g. Simon 1983). The Finally, we note that the eigenfunctions φ(y, ξ), where the ξ dependence is inferred The large-|q| approximation is obtained by noting that for q → ±∞, the solution to (3.7)
444 is localised in boundary layers near y = ±1. Concentrating on q → ∞, we introduce
. To leading order, this gives The small-q approximation in this case is readily found from (3.10) to be with boundary conditions dφ/dr = 0 at r = 0, 1.
517
The small-q, diffusive approximation f (q) ∼ α 2 q 2 for general axisymmetric shear flows For q 1, an approximation to f (q) is derived from (3.26) using a boundary-layer 520 approach: we let r = q −1/4 R and f (q) = q/2 + µq 1/2 to find the leading-order equation
with solution φ = exp(−R 2 /2), corresponding to µ = −2. Therefore,
The analysis for q −1 is almost identical to that carried out for the plane Poiseuille underestimates somewhat the concentration, in contrast to the other cases considered.
533
Note that the skewness for the pipe Poiseuille flow is opposite to that of the plane
534
Poiseuille flow, with larger concentrations predicted for ξ > 0 than ξ < 0. 
Periodic flows

536
We now turn to two-dimensional periodic flows. The formalism of § 2 applies directly: gives a representation of the concentration as an integral over k whose large-t asymp-543 totics, derived using the steepest-descent method, reduces to the large-deviation form 544 (2.4).
545
We focus our attention on the cellular flow for a range of q = (q 1 , q 2 ), the code performs an iteration over q 1 and q 2 , using at 570 each step the previous value of f (q) as its first guess. Since f satisfies the obvious 571 symmetries f (±q 1 , ±q 2 ) = f (q 1 , q 2 ), we concentrate on the first quadrant of the q-plane.
572
The symmetry f (q 1 , q 2 ) = f (q 2 , q 1 ) can also be exploited.
573
The left panel of Figure 6 shows the numerical approximation to f obtained using 
602
It is interesting to examine the eigenfunctions φ associated with the eigenvalue f (q) for
603
given q since these provide the structure of the scalar field at position ξt = ∇ q f (q)t (with 604 f convex so that q can be interpreted as a proxy for ξ). .2); it also shows that dispersion is fastest along the diagonal, as noted for Pe = 1.
630
The O(Pe 2 ) correction to f behaves in fact very differently for q 1 = q 2 than it does for 631 q 1 = q 2 : whereas is is bounded as q → ∞ for q 1 = q 2 , it grows quadratically for q 1 = q 2 632 in a manner that suggests that (4.2) is not uniformly valid. Eq. term is quadratic for q 1 = q 2 but quartic, like the numerator, otherwise. This is the mani-
635
festation of a phenomenon that can be captured by a large-|q| asymptotic analysis which
636
we do not present here. Briefly, this analysis reveals the direction q 1 = q 2 to be singular f (q) on the direction of q to be very complicated.
641
We conclude our discussion of cellular flows by briefly considering the large-Pe regime.
642
This is the regime that has received most attention in the now extensive literature on is also a finite speed effect for the dispersion in cellular flow; this is more subtle and is 697 elucidated in Part II which devoted to a detailed analysis to the large-Pe limit.
698
The differences between the diffusive and large-deviation approximations for the scalar 
713
We conclude by remarking that the large-deviation treatment of scalar dispersion can 714 be extended to a class of flows much broader than that considered in the present pa- It follows from the scaled large-deviation form of C for shear flows (3.2) that
In these expressions, q is related to ξ = Pe Up to the factor Pe 2 , this is the effective diffusivity of Taylor and homogenisation theory.
742
The function φ 2 (y) can then computed explicitly and the condition φ 2 = 0 imposed. condition X (l) (t) = X (k) (t). The two clones subsequently follow different trajectories, 768 X (l) (t ) = X (k) (t ) for t > t because they experience different Brownian motions. The hand, the realisation is pruned: it is killed with probability 1/2 and, if surviving, its 773 weight w (k) (t) is multiplied by 2. To keep the number of realisations K constant, random 774 realisations are either cloned or killed. We have implemented a slight extension of the 775 method described in which the number of clones for realisations with w (k) (t) > P W K (t),
776
is w (k) (t)/W K (t) + 1.
777
The resampling steps make the method very efficient, and the results reported in the 778 paper typically required a few minutes of computation on a modest desktop computer.
779
Crucial to this efficiency is the fact that the cloning-pruning process tailors the ensemble 780 of realisations to a particular value of q by selecting those which dominate E exp(q · X).
The rate function g can be estimated directly by Monte Carlo simulations, using a bin- This result is used for to estimate the tails of C and hence the form of g for large |ξ| with 
